This study considers the problem of indexing fixed-income portfolios to the ANBIMA Market Index -Series B (IMA-B), composed of Brazilian National Treasury Notes -Series B (NTNBs). We propose a mathematical model that minimizes the deviations of the returns of the chosen portfolio in relation to the returns of the index's theoretical portfolio. The resulting model is a mathematical programming problem with convex objective function, linear constraints and free and non-negative integer variables. Five numerical examples with real data are presented to illustrate the model's practical use. The results obtained from the fits are analyzed together with data for funds indexed to the IMA-B existing in the Brazilian financial market. The proposed method resulted in fits with optimal control of the tracking errors of the indexed portfolio.
BBR, Braz. Bus. Rev. (Engl. ed., Online) , Vitória, v. 12, n. 3, Art. 6, p. 116 -142, may.-jun. 2015 www.bbronline.com.br 2. CMN Resolution 3,790/2009, and later CMN Resolution 3,922/2012, allowed fixed-income investments to have as "yield parameter one of the IMA indexes, or the composition of more than one of them."
The IMA-B is composed of NTN-Bs, which are papers indexed to the IPCA plus interest of 6% a year, along with a premium/discount, defined at the moment of trading. Of all federal public debt papers at the end of 2009, 25% of the securities were tied to the IPCA (i.e., the NTN-B yield) according to the National Treasury Secretariat (BRASIL, 2009), a percentage that exceeded 30% at the end of 2013 (BRASIL, 2013) .
According to Silva, Carvalho & Garrido (2009) , the participation of pension funds in the market for NTN-Bs has increased in the past decade because of their need for long-term securities. In turn, according to Carvalho & Morais (2009) , the main buyers of NTN-Bs are pension funds and insurers, seeking to match the maturities of their assets and liabilities. As a consequence of the interest in NTN-Bs, demand has naturally increased in the financial market for investment funds that adopt the IMA-B as the benchmark portfolio.
The theme of this article is directly related to the best way to manage investment portfolios (CREMERS; PETAJISTO, 2009; FABOZZI; MARKOWITZ, 2011; FAMA; FRENCH, 2010; FERRI, 2007; PETAJISTO, 2011) : actively or passively? While active portfolio managers respond to market expectations to try to obtain risk-adjusted returns that are greater than those of competitors and/or benchmark portfolios, passive managers do not respond to changes in market expectations (LARSEN; RESNICK, 1998; MAGGIN et al., 2007; VOLPERT, 2000) .
Indexation is a form of passive management defined as structuring portfolios for the purpose of obtaining a return equal to some benchmark portfolio (BUCKLEY; KORN, 1998; COLEMAN; LI; HENNIGER; 2006; FRINO; GALLAGHER, 2001; FUSCO et al., 2007;  GUASTAROBA; SPERANZA, 2012; JANSEN; VAN DIJK, 2002) . The indexation of portfolios arose in the American stock market in the 1970s (CFA Institute, 2009) , and in
Brazil it was first used for a mutual fund offering in the 1990s (Duarte, 1997) .
The growing interest in indexation of portfolios can be illustrated by three examples:
1. Reilly & Kao (1992) showed that the evolution of the market for bond index funds in the United States skyrocketed from US$ 3 billion in 1984 to over US$ 80 billion in 1991. 
2.
Nine years later, in 2010, the total value of assets invested in index funds was US$ 1 trillion, of which 20% was invested in fixed-income index funds, with institutional investors (mainly pension funds and insurance companies) being the main customers (Investment Company Institute, 2011) .
3.
At the end of 2012, the net assets invested in index funds in the United States had surpassed US$ 1.3 trillion (Investment Company Institute, 2013) .
Our objective here is to propose a method to enable managers in the Brazilian fixedincome market to index their portfolios to the IMA-B using only NTN-Bs as assets. Although other articles have described the indexation of portfolios to stock market indexes in Brazil (CALDEIRA; PORTUGAL, 2010; DUARTE, 1997; SANFINS; DUARTE, 2014;  SANT'ANNA; FILOMENA; BORENSTEIN, 2014), we did not find any article proposing a method for indexing portfolios to some Brazilian fixed-income index.
We believe this proposal will facilitate the process of managing funds that track the IMA-B by permitting better management of the relative market risk present in the structuring and management of indexed portfolios, minimizing the operating costs (brokerage and other fees), controlling the deviations in relation to the benchmark index (the IMA-B) and reducing the time spent structuring end executing fixed-income indexed portfolios. The results can thus be applied in practice immediately in the growing investment fund industry in Brazil.
The proposed method is based on a mathematical programming model (CORNUEJOLS; TUTUNCU, 2007) that allows the manger to minimize any loss function.
These loss functions are based on the Macaulay duration (MD), permitting the manager to control how much the duration (FABOZZI, 1999) of the indexed portfolio can deviate from the duration of the theoretical portfolio composed of IMA-Bs according to different market scenarios. We performed simulations with four loss functions for purposes of numerical illustration. The resulting model is a mathematical programming problem with a convex objective function, linear constraints and free and non-negative integer variables (TAHA, 2008) .
Although our specific interest here is indexation to the IMA-B, to a great extent the method presented can be adapted to indexation of portfolios to the IMA-C, with the manager using NTN-Cs for this purpose, or to the IRF-M, using LTNs and NTN-Fs.
We should note that exchange traded funds (ETFs) already exist in Brazil, but only for the equity market (BLACKROCK, 2013; BM&FBOVESPA, 2013; BNDES, 2004 Matos, Iquiapaza & Ferreira (2014) and Sanfins & Duarte (2014) .
Although the trend in financial markets is indexation of portfolios with use of ETFs, in the specific case of the Brazilian fixed-income market, since there are no ETFs available, at present it is necessary to use the assets that compose the index of interest to structure indextracking portfolios. It is important to mention that the method presented in this article can be used directly to structure ETFs tied to the IMA-B, this being a major contribution of our study.
In the next section we describe the method used to index portfolios to the IMA-B, only employing NTN-Bs, starting from rigorous modeling of the resulting mathematical programming problem. The third section presents the results of five simulated studies with real data from the Brazilian financial market. The fourth section concludes the work and suggests some avenues for future research on the theme of indexation of fixed-income portfolios in Brazil.
METHOD FOR INDEXING TO THE IMA-B
We propose a method for indexation to the IMA-B structured in five steps:
1. Analysis of the theoretical portfolio of the IMA-B 2. Selection of the technique for passive management 3. Determination of the indexed portfolio 4. Generation of scenarios for the IPCA term structure
Structuring the portfolio
In the rest of this section we describe the five steps individually.
ANALYSIS OF THE THEORETICAL PORTFOLIO OF THE IMA-B
The first step for the indexation is to understand the composition of the theoretical portfolio of the IMA-B at the desired indexation moment. This theoretical portfolio can be visualized at the website of ANBIMA. Its composition is announced three days in advance for the next period (which always starts on the first business day after the 15 th of each month). units for purchase or sale), given that the costs related to fractioned lots can be substantially higher in the market due to questions of illiquidity.
2.
With the price of a NTN-B at the end of 2010 hovering in the range of R$ 2,000.00, the value of a lot (for purchase or sale) was approximately R$ 20 million. proposed model is flexible in determining the number of maturities to be used, which can be much fewer than the total number available. In other words, this proposal allows managers to freely choose how many maturities they want to use to index their portfolios to the IMA-B.
SELECTION OF TECHNIQUE FOR PASSIVE MANAGEMENT
According to Fabozzi & Markowitz (2011) , the two most widely used possibilities for passive management of fixed-income portfolios are:
1. Buy-and-hold, when the manager buys fixed-income assets and always keeps them until maturity, reinvesting all the proceeds received in new (fixed income) assets, which are also held to maturity.
2.
Indexation, when the manager tries to obtain performance equal to that of a chosen benchmark portfolio (usually a market index like the IMA-B). This is the possibility we address in this article.
In the specific case of indexation, the three most widely used techniques for passive 
1.
Total replication, when there is purchase of exactly the same assets as contained in the theoretical benchmark portfolio, in the same proportion. As a positive point, this technique presents tracking error of zero in theory, although in practice there are very high operating costs (brokerage and other fees), since it requires continuous balancing of the portfolio any time there is a change in the composition of the benchmark portfolio or when payouts are received (e.g., twice-yearly interest).
2.
Sampling replication, when some of the bonds that compose the benchmark portfolio are purchased, with the remaining amounts not invested in those assets being redistributed proportionally among those purchased. This technique has a lower operating cost than the previous one, but does not allow adequate control of the tracking errors, which can be high.
3.
Minimization of mismatch, when a function that measures the deviations of the portfolio's structure in relation to the chosen benchmark portfolio is minimized. In this case, it is possible to use a smaller number of assets than contained in the benchmark portfolio, reducing the operating costs, with better control of tracking errors by the manager than in the case of sampling. This is the possibility we cover here, with the mismatch control measure being based on the MD. In other words, we seek to control the mismatch between the benchmark portfolio (IMA-B) and the indexed portfolio by minimizing the differences between the durations of the two portfolios for different scenarios generated for the evolution of the IPCA term structure. Below we present the mathematical formulation of the resulting optimization problem.
DETERMINATION OF THE INDEXED PORTFOLIO
Consider the problem of indexation in which there are assets available for investment:
1.
There are different NTN-B maturities available for investment. In numerical terms, , as indicated in Table 1 .
2.
A repo transaction is available (to play the role of "cash"), denoted as asset .
from:
For the available NTN-Bs, the amount invested in R$, denoted by , is obtained It can be seen from equation (1) that .
We assume that the total amount for investment (in R$) is equal to , with the necessary introduction of the constraint: ,
where denotes the investment in repo transactions.
We also impose two restrictions related to the illiquidity of the assets available for investment:
To minimize the problems of illiquidity at the time of future balancing of the indexed portfolio, we impose that:
where is the number of lots available for purchase in the entire NTN-B market and denotes the maximum percentage of the market that can be held in the portfolio by the manager. For example, in the first numerical exercise, we use .
2. Also to avoid illiquidity problems when investors redeem their shares in the fund, we impose the constraint: ,
where denotes the minimum percentage (of the total invested) that must be held as "cash" to cover redemption demands quickly. For example, in the first numerical exercise we use .
We assume that scenarios are generated (equally probable) to calculate the returns of the NTN-Bs available for investment. We denote the price (marked to the market) and MD NT We obtain the MD of the indexed portfolio for each scenario with the equation:
The MD is always positive, so .
We denote the MD of the theoretical portfolio of the IMA-B for scenario as .
Our aim here is to minimize the mismatch between the MD of the benchmark portfolio and that of the indexed portfolio for the set of scenarios generated for analysis. Since the sensitivity of the prices of fixed-income assets is directly proportional to their duration in case of small parallel movements of the term structure, the proposed minimization allows controlling the tracking error, and consequently controlling the market risks related to interest rates.
The deviations between the MD of the theoretical portfolio of the IMA-B and the indexed portfolio are denoted by , defined by the relation:
Since it is not possible to guarantee that the errors will always be positive or negative, then .
We denote the objective function of the problem as . This function serves as a "loss function" or "error function", and our objective is always to minimize it. In this article we use four loss functions for purposes of numerical illustration: 
The complete optimization model can be written in compact form as:
Based on (11), the resulting mathematical programming model contains:
1. A total of integer variables.
A total non-negative variables.
3.
A total of free variables.
4.
A total of linear equality constraints.
5.
A total of linear inequality constraints.
GENERATION OF SCENARIOS FOR THE IPCA TERM STRUCTURE
A highly demanding step from the operational standpoint when using model (11) to index portfolios is related to the generation of the scenarios for the IPCA term structure.
The process of generating these scenarios is composed of five steps:
1. Obtain the IPCA term structure at market closing of the previous day.
2.
After obtaining this IPCA term structure (prior day's closing), the manager can mark to the market all the NTN-Bs available for investment, and in this way obtain the values of the parameters in model (11).
3. Now, given the term structure at market closing on the previous day, and given the balancing horizon (e.g., daily, as in the case of the numerical examples presented below), the manager must simulate possible realizations -i.e., scenarios -for the evolution of the IPCA term structure in this time period.
4.
Next, for each term structure simulated, the manager must calculate the price (marked to the market) and MD for each maturity date of the NTN-Bs available for investment. Therefore, the manager will have generated the values for the parameters and of model (11).
5.
Finally, the manager must calculate the expected MD for each portfolio of the IMA-B according to each scenario generated, and in this way obtain the values of the parameters of model (11).
Here the process of estimating and simulating the IPCA term structures, as well as the marking to the market of all the NTN-Bs, is based on the method described in Banco do Brasil (2006 Brasil ( , 2010 . The method used by Banco do Brasil is based on the historical simulation proposed for calculating the Value-at-Risk of fixed-income portfolios (JORION, 2006) .
STRUCTURING THE PORTFOLIO
Once the necessary parameters have been obtained, the manger must resolve/optimize model (11) for the preferred loss function .
At the end, the optimal values obtained for the variables will indicate the amounts (in numbers of lots) to be acquired for the best indexation to the IMA-B portfolio.
NUMERICAL EXAMPLES
In this section we present five simulated studies to illustrate model (11) with real data.
FIRST SIMULATED STUDY
The following parameters were used in this first case:
1. The total available for investment was set at R$ 400 million (i.e.,
). We chose this amount based on the median net asset values of the funds indexed to the IMA-B listed by the CVM at the end of 2010. This amount is changed in the second simulated study.
2.
The minimum amount of cash was set at R$ 4 million (i.e., ). This amount is changed in the third simulation exercise.
3.
The maximum number of lots of any maturity of NTN-Bs was set at of the total amount available in the market, for questions of liquidity (i.e., ). This amount is altered in the forth simulated study. It can also be observed in Table 2 
with estimation by ordinary least squares and errors assumed to be independent and equally distributed according to a distribution . It can be seen in Table 3 From this first simulation exercise, we can observe that:
1. The use of the four loss functions did not result in appreciably different IMA-B-indexed portfolios in terms of composition (Table 2 ) and performance (Table 3, Figure 1 and Figure 2 ).
2.
When comparing the four indexed portfolios against the portfolios of the three largest funds offered to the Brazilian market indexed to the IMA-B, there was a substantial difference in terms of quality of the indexing ( 
SECOND SIMULATED STUDY
In the second simulation exercise we illustrate the effect of portfolio size on the quality of the indexation. For that purpose, we reduced the amount available for investment by half, from to . The parameters and are the same as in the first simulated study. Table 4 presents the data for the four indexations obtained. A comparison between Table 4 and Table 2 reveals that:
There is more concentrated allocation (i.e., smaller number of maturity dates) in the case of Table 4 , a direct consequence of the more restricted possibility for choosing bond issues because of the reduction of the cash available for investment. Table 2, in Table 4 there is lower concentration of investments in positions with intermediate maturities.
Unlike in

3.
The four allocations in repo transactions are of the same order of magnitude in Table 4 . Source: Authors.
The statistics of the new portfolios, as shown in Table 5 , when compared with those in Table 3 , indicate a small deterioration of the quality of the indexation in two cases (MAE and MaxAE), and no relevant changes in the other two cases (MSE and MedAE). The comments above are also valid when considering Figure 3 and Figure 2 , which depict the deviations of the MD for each of the 126 scenarios used. It can also be observed in Figure 3 that for the stress scenarios, the maximum MD deviations (in absolute value, or modulus) rise from 6 business days in Figure 2 to 10 business days, also a result of the worse indexation obtained because of the greater constraints on investments imposed in model (11) by the smaller . In this third simulation exercise, we raised the minimum retention of cash from to , while keeping all the other parameters the same as in the first simulated study. The objective here is to illustrate the impact of greater cash reserve demand on the quality of the indexation obtained. It should be mentioned that this alteration can be considered usual in moments of greater volatility and/or less market liquidity, with the manager increasing the cash on hand to more easily meet redemption demands from clients. Table 6 shows the allocations obtained for the four loss functions used. Figure 5 and Figure 6 should be considered together with Figure 1 and Figure 2 . It can be observed that the order of magnitude of the deviations is maintained, with small alterations in the case of the loss function MedAE, but without this allowing establishing substantial differences between this and the first simulated study. 
FOURTH SIMULATED STUDY
Here we considered the case of maximum allocation in each maturity by doubling the value of from to , while maintaining the total amount available for investment and minimum demand for cash at the same levels as in the first simulation exercise. The objective here is to investigate the impact of possible investment in larger numbers of lots (for each available maturity) on the final indexation. Table 8 reports the allocations obtained for the four loss functions. Analysis of Table 8 against Table 2 illustrates a tendency for greater concentration of the indexed portfolios in intermediate maturities in this study for three of the loss functions (MAE, MSE and MaxAE). Source: Authors. Table 9 shows the goodness-of-fit statistics obtained, which should be considered together with Table 3 . No relevant alterations can be observed in the quality of the indexation for the three loss functions considered. The compositions of the indexed portfolios are given in Table 10 and their goodness-offit statistics are reported in Table 11 . There are small alterations in the compositions and performance of the indexation. It is interesting to mention that in the first half of 2010, there were some days when greater than usual variations occurred in the IPCA term structure, but these did not substantially affect the goodness of fits, and for example, the B-VaR of the indexed portfolios.
Source: Authors. The tracking errors and deviations of the MD of this new simulation study are shown in Passive management of assets has gained greater acceptance in Brazil and abroad, especially in the case of pension funds. Among the possibilities for passive management of assets in the fixed-income market is regular balancing of a portfolio to continually adjust it to changes in the benchmark index -maturities, composition, payment of interest or amortization of principal and differentiated returns of assets.
The method was described and illustrated numerically through five simulation exercises. The proposal is based on a set of scenarios to represent the possible movements in the IPCA term structure, allowing marking the NTN-Bs to the market for each scenario, and hence defining different levels of return and risk for each asset over the horizon for restructuring the portfolio chosen by the manager. Therefore, once the parameters of a tracking error optimization model and the loss function are chosen by the manager, the number of assets of each maturity to be bought/sold can be obtained for each step of the balancing. The results obtained from the simulation studies with real data from the federal bond market indicate that the tracking errors were well controlled when compared with the results obtained for the three largest investment funds indexed to the IMA-B offered to the public market in Brazil. The impacts of changes in the input parameters on the probability distribution of the deviations were considered and illustrated with real data.
This article makes a contribution to the passive management of fixed-income portfolios in Brazil. Since the proposal enables better control of the tracking errors of indexed portfolios, it should facilitate the passive management of assets in the local fixed-income market. In particular, the method can be directly applied to build exchange-traded funds tied to the IMA-B.
A limitation of this article is that there are other fixed-income indexes, like the IRF-M, IMA-General and IMA-C, that can be chosen to index fixed-income portfolios in Brazil. We limited our analysis to the IMA-B. Therefore, a possible extension for the proposed method is its adaptation for indexing to the IRF-M, when LTNs and NTN-Fs must be used to structure the portfolio. Another possible extension is adaptation of the method to indexes of corporate bond debt, where credit risk is also present.
Another interesting extension of this work would be incorporation of the proposed method in a dynamic strategy that alternates between active and passive management, as in the case of enhanced-indexing, which is just starting to be used by investment and pension fund managers in Brazil.
